Abstract. Polygons are described as almost-convex if their perimeter differs from the perimeter of their minimum bounding rectangle by twice their 'concavity index', m. Such polygons are called m-convex polygons and are characterised by having up to m indentations in their perimeter. We first describe how we conjectured the (isotropic) generating function for the case m = 2 using a numerical procedure based on series expansions. We then proceed to prove this result for the more general case of the full anisotropic generating function, in which steps in the x and y direction are distinguished. In so doing, we develop tools that would allow for the case m > 2 to be studied.
Introduction
The enumeration of self-avoiding polygons (SAPs) is a classical problem in statistical mechanics and combinatorics. Exact results have thus far largely required the restriction of SAPs to sub-classes that are in some way convex. In two dimensions, convexity means that the perimeter is equal in length to the length of the minimum bounding rectangle (MBR). Column-convexity means that any vertical cross-section may only intersect the polygon twice, such that all columns are connected. Examples of convex and column-convex polygons can be seen in figure 1. Convex polygons on two-dimensional lattices have been studied extensively by Lin [1, 2, 3] and Bousquet-Mélou [4] and many exact results are known including the full area-perimeter generating function. In 1997, Bousquet-Mélou and Guttmann [5] gave exact results for convex polygons in three dimensions and a method for their enumeration in arbitrary dimensions [5] . Enting et al [6] described polygons as almost-convex if their perimeter differs from the perimeter of their minimum bounding rectangle by twice their 'concavity index', m. Such polygons are called m-convex polygons and are characterised by having up to m indentations in their perimeter. Examples of 1-convex and 2-convex polygons can be found in figure 2. Enting et al derived the asymptotic behaviour of the number of m-convex polygons according to their perimeter, n for m = o( √ n). The results were confirmed for the case m = 0 (i.e. convex polygons) by the known perimeter generating function. Subsequently, Lin [7] derived the exact generating function for 1-convex polygons, using a 'divide and conquer' technique introduced to the problem of convex animals (the interior of a convex SAP) by Klarner and Rivest [8] . His result provided support for a conjecture in [6] , giving the next term in the asymptotic expansion for the number of polygons with perimeter n and concavity index m. This is the second in a series of papers that look at families of m-convex polygons. In the first [9] we outlined the 50-year history of polygon enumeration on the square lattice before re-deriving the generating functions for 1-convex polygons in an effort to generalise the methodology and extend the results to osculating † and neighbouravoiding ‡ polygons. † Osculating polygons are those that may touch themselves, but not cross. ‡ Neighbour-avoiding polygons are those that may not occupy a neighbouring lattice vertex without being connected by an edge. 
Definitions and notation
In this section we briefly summarise some definitions and notation used in the remainder of the paper.
Directed Walks (DWs): Square lattice walks that take either positive or negative steps in each of the horizontal and vertical directions, but not both. For example, a walk that only steps up and to the left is directed.
Generating functions: If the number of polygons (in a given class) with perimeter n is p n then the associated isotropic generating function is F (x) = n p n x n . For polygons on the square lattice the perimeter is always even and we shall therefore study the half-perimeter generating functions G(x) = n p 2n x n . In more generality we distinguish between the number of steps in the x and y directions and study the full anisotropic generation functions, G(x, y) = m,n p 2m,2n x m y n , where p 2m,2n is the number of polygons with 2m horizontal steps and 2n vertical steps.
The half-perimeter operator: We denote by E the operator that converts the perimeter generating function to the half-perimeter generating function. E x (resp. E y ) converts only the direction counted by x (resp. y). (For a full definition, see [5] .) We therefore have
where
If x or y (or a function of x or y) is asterisked, then the operator only takes the half-perimeter of the non-asterisked generating function. That is,
For example, E x [1/(1 − x − x * )] = (1 − x)/(1 − 3x + x 2 ) and, more generally,
which extends naturally to the multivariate case. This allows the conversion from the perimeter generating function to the half-perimeter generating function for different factors of a polygon separately.
Minimum bounding rectangle (MBR): This is the smallest rectangle which encloses the polygon. The polygons in figure 2 have a 6 × 6 MBR while the polygon in figure 3 has a 12 × 8 MBR.
Sides: A convex polygon can be factored, as per figure 3, into four overlapping DWs: from l 1 to t 2 , from t 1 to r 1 , and so on. These are the maximal directed factors of the polygon, and we refer to them as the sides of the polygon.
Arcs: An arc of a convex polygon is made up of a pair of adjacent sides. That is, it a maximal partially-directed factor of the polygon. Referring to figure 3 , the top arc is the path from l 1 to r 1 , passing through l 2 , t 1 , t 2 and r 2 , and similarly for the bottom, left, and right arcs.
Indents: An indent occurs in a side when the DW takes a step in the 'wrong' direction.
We refer to such walks as 'almost-directed'. As an example, consider the part of the perimeter on the top-right side, which, when the polygon is traversed anticlockwise, only takes steps up and to the left. An indent would occur if this walk were to take steps down (or to the right) and then resume taking steps up and to the left. We shall distinguish between indents in the vertical and horizontal directions. In figure 2a the polygon has a single vertical indent while the polygon in figure. 2b has both a vertical and horizontal indent. A walk taking k ′ steps in the 'wrong' direction followed by k ′′ steps in the 'correct' direction produces an indent
Note that a vertical indent may contain a horizontal indent and vice versa.
Exact solution from enumerations
Several years ago two of us (IJ and AJG) found the exact generating function, C 2 (x) for 2-convex polygons numerically from exact enumerations for 2-convex polygons and some simpler sub-classes. We found the solution by counting the number of 2-convex polygons by using a program designed to enumerate SAPs [13] . This program counts the number of SAPs by perimeter having a given MBR. From this data it is trivial to extract the 2-convex data. However, with the computational resources available at the time, we could not get a series long enough to find the generating function directly (we counted 2-convex polygons up to perimeter 110 yielding 48 non-zero terms). We therefore enumerated three sub-classes, namely 2-convex polygons with one vertical indent 2 deep on the top arc, 2-convex polygons with two vertical indents 1 deep on the top arc, and 2-convex polygons with vertical indents 1 deep on the top and bottom arcs. The programs used in these enumerations were simple generalisations of the one used by Guttmann and Enting [14] to count convex polygons. We then used the series for these sub-classes to find the respective generating functions F 2 (x), F S (x) and F O (x). Finally, we looked at the 'remainder' of the full 2-convex case
, which counts cases of 2-convex polygons with vertical and horizontal indents 1 deep, and managed to find the generating function (and hence the full 2-convex generating function).
We found the solution to the special cases via a judicious guess for the form of the generating functions. From Lin [7] , the isotropic generating function for 1-convex polygons is:
From this it is reasonable to expect that the generating function for 2-convex polygons C 2 (x) and the special cases F 2 (x) and so on are of a similar form,
, where A(x), B(x) and D(x) are polynomials. In particular we expect the denominator D(x) to be similar to the one in the above expression, but with larger exponents and possibly involving further simple factors. If we can find D(x) then A(x) and B(x) can be found simply from a formal series expansion using polynomials with unknown coefficients. By equating the terms in this formal series with the known series for say F 2 (x) we find a set of linear equations for the unknown polynomial coefficients.
Here we give some further details of how we found the generating function F 2 (x). We calculated the number of convex polygons with an indent 2 deep on the top arc to perimeter 216. This gives us the first 100 non-zero terms in the half-perimeter generating function. Our first task is to determine the denominator D(x). We did this by analysing the singularities of F 2 (x) using differential approximants. Our analysis showed that the series has singularities at x = 1/4 with exponents −3 and −5/2 (this confirms that at the dominant singularity we have a square-root correction term), at x = 0.381966 . . . (the first root of 1 − 3x + x 2 ) with exponents −3 and −1, at x = 1 with exponents −4.99(3) and −3.0(5), and at x = 2.618 . . . (the second root of 1−3x+x
2 ) with exponent −3. The conclusion is that in this case
By inserting this into the general form and equating terms in the formal expansion with those of F 2 (x) we found a solution with polynomials A(x) and B(x) of degree 18 and 17, respectively, with B(x) containing the factors (1 − x)
2 , the latter of these factors was indicated by the exponents found at x = 0.381966 . . .. The polynomials are: 
Similarly we found the generating functions for the other three special cases F S (x), F O (x) and F R (x). The only additional point worth noting is that the denominator in the case of F R (x) contains the extra factor (1 − 2x). Collating these results we find that:
where 
In the next sections we show how to prove this result for the general anisotropic case.
Enumeration techniques

Convex polygon basics
Following from Section 2, one may describe convex polygons as a series of four nonintersecting DWs that make up the four sides of the polygon. (To see this, we refer to figure 3.) If one of these sides has no steps in the interior of the MBR, this means that the polygon touches one of the corners of the MBR. This sub-class of convex polygons is referred to as directed-convex § or unimodal . We could therefore define this class of polygons as having only three sides. Similarly, staircase polygons are formed of two DWs that start and end at diagonally opposite corners of the MBR. Finally, pyramids and stack polygons also have two sides formed by DWs, but these are adjacent sides, with a straight base or side edge. (Stack polygons are simply pyramids on their sides.) Such classes of convex polygons were depicted in figure 1 .
For notational convenience, let us now define some well-known generating functions, where x (resp. y) counts the horizontal (resp. vertical) steps. The generating function for pairs of intersecting DWs that begin and end at the same points (referred to as staircase festoons) we denote as
§ This name comes from the definition which says that all cells in the interior of the polygon can be connected with the corner cell by a directed walk on the dual graph.
This name comes from the fact that there is only one mode in each direction, when we take the projection of the walk in that direction.
where ∆ = 1 − 2x − 2y − 2xy + x 2 + y 2 . The staircase polygon generating function we denote as
We note that the unimodal generating function is simply xyZ. Now, by defining
we can re-express all our almost-convex polygon generating functions as expressions with terms that are simply the quotient of polynomial functions of u and v. This is achieved via the transformation of variables
For example, we have
Joining polygon factors
The Temperley method is central to the enumeration of partially convex polygons. The so-called 'functional-Temperley' method allowed Bousquet-Mélou [4] to enumerate classes of column-convex polygons. It differs from the Temperley method in that it can be used to concatenate several large enumerable parts of the polygon, rather than individual columns. In particular the concatenated building blocks may be different types of polygons. A variation [15] allowed for the enumeration of certain classes of animals, represented as heaps of dimers. Rechnitzer [16] identified these methods as equivalent, the superiority of one over the other lying in its ease of use and appropriateness to the recurrence relation underlying the problem. We call distinct enumerable parts of the polygons factors, due to our ability to factorise the polygons into such parts by separating them at unique factorisation points. In this paper, we use factorisation lines, which we define by extending the interior edge of the indentations of almost-convex polygons into lines that bisect the lattice (see figure 8.)
The Hadamard product
The approach that has been used repeatedly by Lin [1, 2, 3] in the enumeration of convex polygons is to build them up vertically, block by block. The functional-Temperley method can therefore be used in this case. One tool which can be used to 'join' polygonal blocks together is the Hadamard product. (For a full description, see [16] .) This is particularly useful when a few blocks need to be joined in a non-recurring manner. We use the Hadamard product in calculating most of the generating functions in this paper.
Consider two series, f (t) = n f n t n and g(t) = n g n t n , denote by ⊙ t the Hadamard product with respect to t, then The restricted Hadamard product with respect to t is defined as
For notational convenience, we will refer to this as a Hadamard join (over t), or simply a 'join'. Hence, the Hadamard product over a given variable, say s, is the operator which 'joins' generating functions by matching the perimeters enumerated by s. This is equivalent to joining the polygons by matching the edges of the respective polygons, such that they overlap, and then removing the overlapping edges, forming a single, larger polygon. We can also match the edge column, rather than the edge perimeter. For example, if we enumerate staircase and stack polygons according to their right perimeter, total perimeter and area, we can join them, making the neighbouring columns overlap. Making the transformation s → s/yq and dividing by x, so that the overlapping column is not double-weighted, we form unimodal polygons, as in figure 4.
Hadamard arithmetic
It is straight-forward to show the following properties of restricted Hadamard products [16] .
It is distributive:
It follows the product rule:
It evaluates simply at poles:
We showed in [9] how u and v can be used to simply express the generating functions for staircase polygons with fixed steps in the corner. The generating function u a v b counts step The indent factor
The distinguished Figure 5 . The form of a 1-staircase polygon, which may be formed by inserting an indent factor next to a distinguished step.
staircase polygons that start with a horizontal steps and end with b vertical ones (or vice versa). This allows us to enumerate parts of polygons with specific sequences of steps along the joins. Moreover, because we can express the generating functions for all factors of almost-convex polygons as the quotient of polynomial expressions of u and v, evaluating the joins generally becomes straight-forward by separating the poles in the denominator using partial fractions.
Distinguishing steps to insert indents
One way of inserting indents in convex polygons is to distinguish a step for the location of the indent and then make the appropriate adjustment to the generating function. We therefore factorise the polygon at the distinguished step by extending a line perpendicular to it. When an indent is joined to a staircase factor (as per figure 5), the adjustment required for the indent is independent of its location.
We distinguish between the walk forming the indent and the rest of that side of the polygon. In the case of a vertical indent (as depicted in the figure), the indent starts with the vertical step at the same height as the distinguished step preceding the non-directed vertical step(s), and includes all steps up to (but not including) the distinguished step. We refer to it as the indent factor. We note that a single, m-deep indent factor is therefore in the form of a pyramid.
As mentioned above, the generating function for staircase polygons with a (resp. b) fixed horizontal (resp. vertical) steps in one corner is u a v b . As each extra fixed step along the factorisation line contributes u to the generating function, the contribution of the indent factor to these otherwise staircase polygons (which are called 1-staircase polygons) is therefore u 2 /(1 − u) 2 . We therefore define the 1-deep indent generating function to be
and, for m > 1, the m-deep indent generating function is The height-independent insertion of indents can be extended to unimodal polygons. Whereas staircase polygons can be separated into two halves -one with only positive steps, the other with only negative steps -unimodal polygons are defined by the fact that their positive horizontal steps occur before the negative ones, and similarly for the vertical steps. This means that if the unimodal polygon intersects itself, a staircase factor is formed. And so, if we factor a unimodal polygon along the base of a vertical indent on the left arc (as per the staircase factorisation shown in figure 5 ), the indent must be a part of a staircase factor to the bottom-left and is therefore enumerated by I m . This leads us to the following proposition. This argument can be extended to enumerate unimodal polygons with two distinct indents on the same side. To construct such polygons, one may insert both indents at a distinguished height, and then mark a second height where we would like the second indent. We can therefore try to form the desired polygons by translating the closest of the two indents to the second of the distinguished heights. In [12] , we point out that if the second indent lies below the first, this downward translation may cause the polygon to intersect. Furthermore, in the other case, an upward translation will mean that the bottom arc of the polygon will not go above the original position of the translated indent. We show, however, that the missing polygons in one case are equal in number to the extra polygons in the other case. This intriguing fact leads to the following proposition.
Proposition 4.2. The generating function for 2-staircase (resp. 2-unimodal) polygons that are rooted in the bottom left corner and with distinct vertical indents on the left arc is
y 3 ∂ ∂y (I 2 ∂ ∂y (Q/y))/2, where Q = S/y (resp. xZ).(22)
Folding Walks and Wrapping Polygons 4.4.1. Folding Walks
An important notion in deriving exact generating functions for almost-convex polygons is that of the so-called 'folding' of DWs. This notion is simply a way of describing the combinatorial objects enumerated by the enumerative methods developed in [5] . These methods use the half-perimeter operator defined in Section 2 to enumerate intersecting convex polygons, and then remove those that intersect. We are therefore interested in the enumeration of these intersecting polygons. We begin by considering DWs, which are enumerated by 1/(1 − x − y), where x (resp. y) counts the horizontal (resp. vertical steps). If we then only consider those with an even number of horizontal steps, we can find either a vertex or a series of vertical steps that have half of these horizontal steps to the left, and half to the right. We can then fold the walk vertically at this point by reflecting all the steps to the left over to the right. (The axis of reflection is the vertical line that goes through the half-way point.) This walk is now half as wide as it was, and its generating function is therefore
By removing those that have a horizontal step after the fold, we obtain self-avoiding walks, which is an example of standard inclusion-exclusion techniques,
Adding a width-one column to its side then gives us stack polygons (that is, sideways pyramids). Now, folding vertically as well allows us to make the walk end at its origin, forming a polygon. Forcing the polygon to start with a horizontal step and end with a vertical one (or vice versa) then gives the following generating function for (possibly intersecting) unimodal polygons:
Finally, by distinguishing a horizontal step after which we fold (rather than choosing the half-way point) forces a second fold on the other side of the walk in order to make its width equal to half its original width. This means that the resulting polygon does not necessarily visit any corner of the MBR, and we are left with (possibly intersecting) convex polygons. The resulting generating function is
which is the d = 2 case of Bousquet-Mélou and Guttmann's multi-dimensional result (Lemma 2.2, [5] ). Folding walks is therefore a simple way of enumerating intersecting polygons (or factors of polygons, for that matter) with convexity requirements. This will allow us, in the following section, to enumerate 1-convex polygons in a direct, closed-form expression that is combinatorially interpretable. This provides us with an example of the methods required for the enumeration of the various sub-classes of 2-convex polygons. However, first we need to be able to fold one factor within a polygon (that is joined directly to another factor) without our methods breaking down. And for this we need "wrapping"...
Wrapping
Polygons 'Wrapping' refers to folding a single factor of a polygon that has been constructed by joining multiple factors together. As an example consider 1-unimodal polygons formed by joining a staircase bottom factor to a unimodal top factor and an indent factor. The total height of the polygon is given by the sum of the heights of the top and bottom factors. The total width of the polygon is measured by adding the width of the top factor to the width of the bottom factor that lies to the left of the top factor. In the 1-unimodal case, the generating function for the bottom factor is therefore Iv(u/x) d , where d is the length of the join. In this case, the unimodal factor is enumerated as a folded walk, as per the previous section. However, we will sometimes fold the fixed steps of the polygon, leaving a chain of double-bonds of fixed steps around the fold, as shown in figure 7(a) . If the join is of length d, then there are d fixed horizontal steps in each of the top and bottom factors that are identified, but are then removed and do not form part of the polygon. And so, if there are fewer than d horizontal steps in the rest of the top unimodal factor, as depicted in the figure, then the contribution to the polygon is a pyramid of width 2n − d, with a weight of x n . Importantly, although those fixed steps are not part of the polygon itself, they do contribute to the weight. This is because the width of the polygon here is given by the top factor. When the E operator folds the top factor, in order to keep the bottom factor joined to the top factor, it must therefore also be folded. We say that we have wrapped the bottom factor. We can therefore see that the fixed steps along the join that were folded to form double-bonds and whose width is counted in the resulting generating function is the projection of the wrapped part of the bottom factor. This is shown in figure 7(b) . We therefore need not make any adjustment, as the width is enumerated correctly. Finally, the required '1-unimodal' polygons are obtained by translating the fixed vertical step below the join to the right edge of the polygon (as shown in red in figure 7 (b)) to ensure that the polygons are self-avoiding.
In conclusion, without needing to make any extra adjustment, wrapping allows us to enumerate almost-unimodal polygons with a single indent in the left side by only enumerating staircase polygons joined to unimodal ones. This is because the wrapping action also creates polygons that are composed of a unimodal bottom factor joined to a pyramid top factor.
The 1-convex generating function
As an example of the above wrapping technique, we derive the generating function of 1-convex polygons with their indent on the top arc. It provides a much simpler derivation of the result than the method used in [9] .
We begin by adopting Lin's factorisation of 1-convex polygons (see [7] ) by extending a line along the base of the indent, as in figure 8. We enumerate these polygons by following the inclusion-exclusion argument of [5] , enumerating all the required polygons, including those that intersect, and then excluding those that intersect. The factorisation gives top and bottom unimodal factors that can be enumerated as walks that may be wrapped such that the bottom factor extends furthest to the right.
The generating function of polygons of the form shown in part (a) of the figure can be expressed as
The length of the join is taken to be n. The term in the first line is the generating function for the unimodal top factor, with a base of at least length n. The term x n+1 y 2 /(1 − x − y) enumerates DWs that are folded by the E operator to form the unimodal factor. We note that due to the vertical symmetry, when this top factor is of height one, some polygons may be double-counted, giving the term (1 + y/(1 − x)), the y/(1 − x) forcing the top factor in the symmetric case to be of at least height two. The second line enumerates the bottom factor and the indent. Again, using an inclusionexclusion approach, we fold a walk to form the unimodal polygon and then exclude the intersecting cases. As the width along the join is already counted in the top factor, we adjust for the length of the join with the term (x/(1 −y)) n−1 . We then fix the horizontal steps of the indent factor, which cannot be folded, giving the term
rather than the expected x 2 /(1 − x) 2 , which can be folded. We recognise the last term in both of the first two lines as the exclusion cases when the polygons intersects in the top-right or bottom-left corner. The last term comes from the possibility of intersection in the bottom-right corner.
From the wrapping principle outlined in the previous section, when the top factor has the form of a pyramid, the fixed steps along the join may have been folded. This then wraps the bottom factor, making it convex in shape, such that it extends further to the right than the top factor.
We finish by expanding the brackets, so that we may evaluate the sums and write the expression in a closed form. However, the indent may extend further to the left than the bottom factor, as shown in part (b) of the figure, and therefore requires an adjustment term. And so, moving all terms incorporating n into the E operators and expanding the brackets in the summand, we can then complete the summation. This then allows us to add the term x * /(1 − x * ) that enumerates the indent for the required adjustment to give the following expression for the generating function:
Derivation of the 2-convex generating function
We generalise Lin's factorisation of 1-convex polygons by extending a factorisation line along the base of each indent. This allows each case to be enumerated by joining factors along these lines. When the indents are in the same direction, there are three main factors plus two indents. When the indents are in different directions, we divide the lattice into four quadrants. We say the quadrant in the top-right is the first, and order the remaining quadrants in an anti-clockwise fashion.
To break-up the problem into enumerable parts, similar to Lin, we adopt a 'divide and conquer' approach and classify sub-classes of 2-convex polygons according to the relative direction and position of the indents (that is, which side they lie on). We obtain the generating functions of symmetric classes by reflection and rotation. Without loss of generality we assume that one indent is vertical and on the top-left side. This leaves us with one of nine cases: Firstly the indent can have depth two, secondly when there are two indents each of depth one, we have to consider eight combinations of the direction and location of the second indent. However, the two cases where the second indent is in a different direction and on one of the adjacent sides are equivalent after a rotation. We are therefore left with eight distinct cases to evaluate.
There is a possible ambiguity when an indent factor is adjacent to the MBR. For example, in the case where there is a vertical indent on the base of the polygon as well as on the top-left side, the indent on the base may be considered as on either side of the bottom arc. We arbitrarily chose that such cases be enumerated by the class whose indented sides are closest together. This example is therefore enumerated by the case where the indents are on adjacent sides, and not on opposite sides of the polygon. We now briefly consider these eight cases in turn.
Case 1: a single 2-deep indent
Almost-convex polygons with a single indent we refer to as 'bimodal' due to the two modes (in the same sense as 'unimodal') adjacent to the indent. In section 5 we enumerated 1-convex polygons, which are the simplest case of bimodal polygons. Bimodal 2-convex polygons, which have a single 2-deep indent, can be enumerated mutatis mutandis. For the generating function, see Section 2 of [12] .
Case 2: indents in the same direction on the same side
When the indents are on the same side (on the top-left), we join unimodal top and bottom factors to a staircase factor in the middle. This implies that the top factor extends furthest to the right. (See figure 9 .) This creates three blocks separated by two factorisation lines. Each pair of blocks are joined by matching the top and base edges along the factorisation line dividing them. Since there is an indent factor in the top block, horizontal steps must be added on either side of the indent so their perimeters match. In this way the length of the join, counted by the parameter s, is equal to the top perimeter of the middle staircase factor. Whenever the join is defined in this way, in order to enumerate the indent, a term s 2 /(1 − s) 3 is included on one side of the Hadamard product in the expression for the generating function. Indeed, this term appears in the majority of expressions involving 2-convex polygons. Fortunately, such joins can be re-expressed in terms of the first three moments of the generating function with the indent omitted. In order to match lengths correctly along the bottom join (defined as the length of the base of the middle staircase factor and enumerated by the parameter t) we append horizontal steps to the bottom factor. In this example, the length of both joins are defined as the length of the middle factor along the factorisation lines, as indicated by the shaded regions in figure 9 . The choice for the definition of the join is determined by the generating functions of the top and bottom factors, which are simple rational expressions in terms of s and t. This is generally simpler than trying to adjust the middle factor to match the other factors.
In using standard inclusion-exclusion techniques for enumerating the top and bottom unimodal factors, wrapping ensures that the cases where the middle or bottom factor extends furthest to the right are included. This means that the bottom factor may intersect (forming a unimodal loop) to the bottom-right. This is a powerful example of the robustness of the wrapping methodology -we fold the top factor, wrapping not just the middle factor, but the bottom factor as well, such that it can be the one to extend furthest to the right.
We now complete the enumeration to serve as an example for the following cases. We only give some details here, as there are dozens of very complicated formulae in all, each using the same principles in their derivation. We outline each of the remaining cases to the minimum extent that would be necessary to reproduce the results. We break the problem into two parts: when the indents are at the same height and when they are not. The latter case is enumerated by the following expression, and the former follows mutatis mutandis.
E sxy
whereS is the generating function of staircase polygons by base and top perimeter. The expression to the left of the join in the first line enumerates the top factor, with the indent enumerated by s 2 /(1 − s) 3 . The first term in the E operator enumerates the (possibly intersecting) unimodal folded walks, with the term s/(x − s) counting the fixed steps along the join (weighted by xs, but divided by x 2 to adjust for the width already enumerated by the middle factor). The term y/(1 − x) ensures that it is at least of height one. The inclusion-exclusion principle then lends us to exclude the intersecting case enumerated in the second term. The second line enumerates the bottom factor, obtained by folding a stack polygon (a reflection in the horizontal axis). This ensures that the indent is not wrapped. The first term is the part of the stack polygon under the join. The last term is the part under the indents. The second term enumerates the part of the polygon that extends to the left, including the possibility that the bottom factor is a pyramid and that the indent factor extends furthest to the left. Finally, the terms in the last line enumerate the exclusion cases. The first term counts the polygons that intersect in the bottom-left corner. The 2-unimodal factor is enumerated by distinguishing the heights where the indents are placed, thus explaining the derivatives. The center term of the derivative is the generating function for unimodal polygons of at least height two. The last term counts polygons intersecting in the bottom-right corner. This term is obtained by summing the generating functions for each possible configuration of the indents, using the known generating function for staircase polygons with fixed steps in the corner.
Case 3: indents in the same direction on adjacent sides of the same arc
In this case the top factor must be a pyramid. We break the enumeration into two parts depending on whether both indents are at the same height or at different heights. For the latter case, illustrated in figure 10 , we assume that the top-left indent is higher than the top-right one. The symmetrical case can be obtained by reflection.
In part (c) of the figure, we reproduce the situation from Case 2 (the indents are on the same side) where the top factor is a pyramid (such that the middle factor is wrapped). Reflecting the indented top pyramid factor vertically we recover the form of the polygons shown in part (a). Alternatively, drawing the factorisation line under the We can therefore use the expression for the generating function for Case 2, with a slight modification to the first term, which becomes E sy
where P (x, y) is the pyramid generating function. The pyramid term comes from the possibility that the indent extends furthest to the right. The last term in the E operator excludes those cases from Case 2 that were not wrapped and therefore did not have the pyramid top factor now required.
Case 4: indents in the same direction on opposite sides
We divide this case into three parts according to whether the top-left indent is above, next to or below the bottom-right indent (see figure 11 .) When the top indent is above the bottom one, and either the top or bottom factor is of height one, the indents can be considered to be on adjacent sides, and we do not include them in this case. Therefore, all of the above calculations must be done for top and bottom factors of height at least two.
When the top indent is below the other (see part (a) of the figure), the enumeration does not require wrapping and has no complications; it can be obtained by simply joining the three appropriate factors together. Now consider the situation where the top-left indent is above the other one. When wrapping, in order to keep the polygon self-avoiding, we usually translate the fixed vertical step from below the join to the fold (see figure 7(b) ). However, when wrapping the bottom factor as well we need to make an adjustment to the length of the bottom join (see part (e) of the figure). Moreover, when the middle factor is a pyramid, it is possible that the indent extends furthest to the right (see part (f) of the figure) .
This case presents a complication not met earlier in our enumeration. Proceeding as usual would involve simultaneously joining an indent and unimodal factor to both the top and bottom of a staircase middle factor. When the middle factor extends furthest either to the left or right wrapping generates these polygons. However, this requires wrapping both sides of the middle staircase factor independently, which is not possible as the calculations diverge. (For further discussion, we refer to Section 7.2.1 of [12] .) We can therefore only use wrapping on one side, and must break up the calculation of the bottom factor into two parts depending on whether it is unimodal or pyramid.
Finally, note that when the middle factor extends furthest to both the left and right, it is convex in form. This requires the enumeration of convex polygons according to both base and top-most horizontal segment. This can be achieved by adopting a 'divide and conquer' approach and joining pyramid factors to unimodal ones, or by solving recurrence relations. (The generating function by perimeter and area, solved by the aforesaid recurrence relations, already exists in the literature [4] .)
Case 5: indents in the same direction on adjacent sides of opposite arcs
This case is similar to the previous one, when the bottom factor was a pyramid. Reflecting the bottom factor and indent the correct form is produced as shown in figure 12 . We can proceed by joining a unimodal top factor to a unimodal middle factor, which in turn is joined to a pyramid bottom factor. Wrapping again generates the cases where the bottom factor extends furthest to the right. The enumeration of the different parts of this case follows the same approach as the previous case, except that the top and bottom factors may be of height one. Also, the interwoven case is somewhat different, as the top and bottom factors are joined directly. In defining these eight cases we have assumed that the top indent is on the top-left side. When multiplying by two to obtain the generating function for the symmetric case (where the top indent is on the top-right side), we double-count polygons whose top and bottom indents are adjacent to the MBR (i.e. they form the topmost segment and the base). We must therefore adjust for this case when adding up the generating functions at the end.
Case 6: indents in different directions on the same side
When the indents are in different directions and on the same side they form either a locally convex or concave region, depending on their order. This is shown in figure 13 .
First consider the locally concave case. Aside from the walk between the two indents, the polygon can either enter the first or the third quadrant, but not both. If the polygon does not enter the third quadrant then it has only three factors: two unimodal ones joined to the staircase factor with the indents. When it passes through the third quadrant, the indents and the connecting walk of the first quadrant are joined to unimodal factors in the second and fourth quadrants. These are in turn joined by a directed walk in the third quadrant. Making the expressions for the second and fourth quadrants factor into two parts, one independent of the horizontal join, the other independent of the vertical join, allows the calculation of the generating function. This is a good example of how wrapping works in both directions to generate all the required polygons.
When the indents form a convex region, the polygon does not enter the first quadrant, except in the case where the indents intersect and there are two steps in the first quadrant (as shown in the second diagram in part (b) of the figure). The two cases are evaluated separately, but the second is a simple version of the first. A unimodal factor and an indent in each of the second and fourth quadrants are joined to a staircase factor in the third quadrant. The evaluation is straightforward and wrapping gives the remaining polygons. 
Case 7: indents in different directions on adjacent sides
We enumerate this case by breaking it up into parts classified by the relative height of the indents. We say that the indents are next to each other if the holes formed overlap in height. If the vertical projection of the humps formed by the indent overlap, we say that they are adjacent. And so, the horizontal indent is either 'above', 'next to', 'adjacent to' or 'below' the vertical indent (see figure 14) . The cases where the polygon extends furthest to the left in the third quadrant are all evaluated using the usual inclusion-exclusion and wrapping arguments.
When the horizontal indent is above the vertical one, the polygon may extend furthest to the left in the second quadrant (as shown in part (e) of the figure). We need to enumerate 1-unimodal polygons whose indent is in the corner according to their base. This can be done by joining an almost-pyramid polygon to a unimodal one. These are then joined to the bottom factor together with an indent factor, noting that the indent may extend further to the right than the bottom factor.
Case 8: indents in different directions on opposite sides
The final case is enumerated in a similar fashion to the previous case. The sub-classes defined by the relative heights of the indents are shown in figure 15 . The indents need not lie along the MBR and thus the factors in the same quadrant as an indent must be of height or width at least two. There is, however, one special case to consider, depicted in part (e) of the figure, namely when the polygon does not enter the third quadrant. This is an interesting case because the horizontal and vertical joins (over s and t respectively) must be done simultaneously. We cannot proceed is the usual way and are forced to re-evaluate our approach and come up with a new way to evaluate such constructions.
We solve this problem by generating the factor in the first quadrant as a staircase factor and wrapping it along the factorisation lines to form a convex factor. This is achieved by adding double-bonds joined to the staircase factor next to the indent factors, so that it wraps back along the double bonds, forming a convex polygon. The length of the horizontal (vertical) join is counted by s (t). Each horizontal double-bond has two steps, contributing s 2 to the weight of the join, as well as a weight of 1/x for the fact that it wraps the staircase back, reducing its width by one. This means that the expression for the bottom factor in the join includes the term s 2 /(x − s 2 ). Other expressions including s 2 rather than just s have been evaluated preciously by simplifying the other side of the join and re-expressing it in terms of derivatives. Now what is on the other side of the join is the staircase factor, which cannot be simplified as it has to be joined to both the bottom and left factors at the same time. We are therefore forced to simplify the terms including s 2 or t 2 . However since s 2 /(x−s 2 ) = E x [s/(x−s)], the expression inside the E operator can be changed into a form we can evaluate simply.
The remaining cases are obtained using the above methodology by wrapping a directed walk in the first quadrant. When the top indent is above the bottom one the unimodal factor in the third quadrant must be of width and height at least two .
The 2-convex generating function
In the above derivations, the direction and position of one of the indents was chosen arbitrarily, such that the direction and position of the other determined which sub-class the polygon belongs to. Therefore, when the two indents are in different directions, the cardinality of the set of possible combinations of direction and location for the fixed indent is four. When the indents are in the same direction, both directions are enumerated by the generating functions. If the indents are on the same edge, the cardinality is two. If they are opposite, it is one. We therefore obtain the generating function for 2-convex polygons by summing the results, multiplying each term by the cardinality of the class it counts. This gives the following generating function for 2-convex polygons (available in a Maple/Mathematica friendly format at http://www.ms.unimelb.edu.au/˜iwan/polygons/series/2-convex-anisotropic.txt): 
where A (c) 2 = (1−x) 11 x 4 −3(1−x) 9 x 4 (5−2x+x 2 )y +(1−x) 7 x 2 (4−12x+103x 2 −79x 3 +31x 4 − 11x 5 + 3x 6 )y 2 − (1 − x) 5 x 2 (40 − 124x + 455x 2 − 533x 3 + 264x 4 − 69x 5 − 21x 6 − 3x 7 + x 8 )y 3 + (1 − x) 3 (1−12x+232x 2 −742x 3 +1696x 4 −2297x 5 +1626x 6 −539x 7 +133x 8 +3x 9 −56x 10 +3x 11 )y 4 + (1−x) 2 (−11+119x−943x 2 +2443x 3 −4014x 4 +4513x 5 −3054x 6 +867x 7 −58x 8 +221x 9 −137x 10 − 11x 11 +x 12 )y 5 +(1−x)(55−542x+2765x 2 −6154x 3 +8193x 4 −7901x 5 +5521x 6 −2140x 7 −284x 8 + 430x 9 + 19x 10 − 81x 11 + 7x 12 )y 6 + (−165 + 1503x − 5996x 2 + 11929x 3 − 14004x 4 + 11488x 5 − 7661x 6 +4474x 7 −1456x 8 −506x 9 +504x 10 −160x 11 +18x 12 )y 7 +(330−2502x+7381x 2 −10693x 3 + 8925x 4 − 4846x 5 + 1856x 6 − 1456x 7 + 1364x 8 − 328x 9 + 103x 10 − 22x 11 )y 8 + (−462 + 2898x − 6353x 2 + 6348x 3 − 3639x 4 + 1204x 5 + 714x 6 − 506x 7 − 328x 8 − 32x 9 + 10x 10 )y 9 + (462 − 2394x + 3925x 2 −2349x 3 +873x 4 −637x 5 −411x 6 +504x 7 +103x 8 +10x 9 )y 10 +(−330+1422x−1797x 2 + 434x 3 + 47x 4 + 484x 5 − 100x 6 − 160x 7 − 22x 8 )y 11 + (165 − 603x + 632x 2 − 4x 3 − 180x 4 − 114x 5 + 88x 6 + 18x 7 )y 12 − (1− x) 2 (55− 67x− 18x 2 + 27x 3 + 7x 4 )y 13 − (1− x) 3 (−11+ x 2 )y 14 − (1− x) 3 y 15 and B (c) 2 = 4(1−x) 26 x 4 −4(1−x) 24 x 4 (30−20x+7x 2 )y +4(1−x) 22 x 2 (4−12x+433x 2 −580x 3 + 368x 4 −128x 5 +21x 6 )y 2 −4(1−x) 20 x 2 (100−360x+4214x 2 −8192x 3 +7616x 4 −4297x 5 +1528x 6 − 350x 7 +35x 8 )y 3 +4(1−x) 18 (1−12x+1252x 2 −5226x 3 +32426x 4 −76437x 5 +93156x 6 −70591x 7 + 36061x 8 −12917x 9 +3217x 10 −532x 11 +35x 12 )y 4 −(1−x) 16 (104−1296x+42936x 2 −198752x 3 + 859020x 4 −2164230x 5 +3180634x 6 −3007804x 7 +1964426x 8 −927123x 9 +322834x 10 −83390x 11 + 15842x 12 − 1961x 13 + 84x 14 )y 5 + (1− x) 14 (1300− 16868x+ 289112x 2 − 1412308x 3 + 5065708x 4 − By looking at the form of the various factors, it is possible to guess what the form of the resulting generating functions will be. One can then obtain the generating functions by directly enumerating the series to a sufficiently high order and then solving the set of linear equations corresponding to the presumed form.
We presented some techniques that are invaluable in enumerating the factors exactly. The most important technique is that of 'wrapping', which allows the generation of quite complex objects out of simply enumerable components. It is easily implemented when using an inclusion-exclusion approach to enumerating unimodal factors, which made it essential in enumerating 2-convex polygons. These techniques have allowed us to reduce the enumeration of 1-convex polygons, as well as many sub-classes of 2-convex polygons, to a single, combinatorially interpretable expression.
Going forward, it is not realistic to factorise almost-convex polygons for high concavity indices as we have done here, as there will be an exponential growth in the number of cases to evaluate. It would be more sensible to restrict the size of each indentation first, and then generalise these cases. Eventually, defining operators that can add more and more complex indentations in the side of convex polygons and looking at the effect on the asymptotic growth of their number seems to be the most appropriate path to understand how convex polygons become general SAPs.
